Abstract. In this paper, we rewrite two forms of an Euler-Ramanujan identity in terms of certain L-functions and derive functional equation of the latter. We also use the Weierstrass-Enneper representation of minimal surfaces to obtain some identities involving these L-functions and one complex parameter. We also include some diagrams pertaining to the Euler-Ramanujan identities.
Rewriting a form of the Euler-Ramanujan identity in terms of L-functions
We have Euler-Ramanujan's identity, [8] , Example (1) page 38, where X, A are complex, A is not an odd multiple of π/2:
We take complex logarithm on both sides, to get: log cos (X + A) cos A = ∞ k=1 log 1 − X (k − 
Let us take the special case when | 
where L k (s, a) = n ((−1) n+1 (
is an L-function with a real paramater a = 
and an integer k and L k (1,
) are these Lfunctions evaluated at s = 1. We note that |
and − π/2 < y < π/2. Thus we have the following proposition:
and − π/2 < y < π/2.
In [2] , using the Weierstrass-Enneper representation of minimal surfaces we derived the following way of writing the equation z = log cos y cos x (Scherk's minimal surface) in parametric form (in terms of a complex parameter ζ),
This parametrization fails precisely at ζ = ±1, ±i. Using the fact that log Z = ln|Z| + iθ = ln|Z| + itan −1 ( ImZ ReZ ) where Z = |Z|e iθ , for Z any complex number, one can easily check that if we use the above parametrization in (see [2] ) z = log cos y cos x
and then use the identity (6), for ζ = ±1, ±i, and belonging to a small domain in C and the expression (7) in terms of L-functions look as follows:
The condition that | . This can be seen as follows. For ζ ∈ C such that |ζ| < 1 2 , we have
In other words,
and hence
This implies | 
Minimal surfaces of translation and Ramanujan's identities
In this section, we will consider two of the very first classical examples of minimal surfaces in 3-dimensional Euclidean space known as Scherk's surface, [9] , and the helicoid, [6, 7] . In fact, we consider a one parameter family of Scherk's type surface.
We will see later they also happens to be examples of translation surfaces and show that all these surfaces will have a L-function decomposition. Then we consider the case of helicoid separately. We start with some required definitions and examples. Catenoid, [6, 7] , is one of the very first classical examples of minimal surfaces (other than Helicoid and Scherk's surface).
Example 2.2. A parametrization for a catenoid is given by
It can also be seen as the graph of the function cosh −1 ( x 2 + y 2 ) and we can also write it in an another parametric form (x, y, cosh −1 ( x 2 + y 2 )).
, where α and β are regular curves in R 3 and X is a parametrization of S.
Example 2.4. Any plane is trivially a translation surface. For instance,
We consider a one parameter family of minimal translation surfaces (also known as Scherk's type surface) (see [5] )
where
, where α(u) = (u, 0, − log cos u) and
Remark 2.5. Observe that θ = 0 corresponds to a plane in the family (8) , the corresponding identity we call it a twisted Euler-Ramanujan's identity. Indeed, put u + v cos θ = x and v sin θ = y, then using the Euler-Ramanujan's identity (1), we obtain cos(
where x − y cot θ is not an odd multiple of π 2 . Taking log on both the sides, we get log cos(
When we take θ as an odd multiple of π 2 in (10), we get back (4) . Following the same idea as applied to (4), we can write an L-function decomposition for (10), which is as follows:
for a fixed θ and an integer k, M k (s, −(
2 ) are these L-functions evaluated at s = 1. We can also compute Weierstrass-Enneper type representation (which is described in terms of a complex parameter) for the family of Scherk's type surfaces (8) given by
This family also has a non parametric representation given by
By combining (11), (12), (13), and (14) we obtain the result as in Proposition 1.2.
(16) Observe that the expression (16) is independent of θ. In fact, this is the common L-function decomposition for the θ-family which is quite evident once we look at their Weierstrass-Enneper representation. Now, let us consider the non parametric representation of helicoid which is given by (see Osserman)
and also recall the identity
where ω is a complex number. Now if we put ω = y x in the above identity, we get
The above expression (19) helps us to write helicoid as a sum of two L-functions evaluated at a specific value. When |y| < |x| we can write equation (19) as
are L-functions which are in turn evaluated at s = 1. Thus we have the following proposition:
Proposition 2.6. When |y| < |x|, tan
. The Weierstrass-Enneper representation of the helicoid in terms of the complex parameter is given by (see [2] )
The condition |y| < |x| translates to |Re(ζ − 
Next we look at another identity. For X and A real, we have (see entry 11 in [8] )
(28) When A = π 2 the identity (28) reduces to the following identity
where c k = (k − 
Thus we have
Proposition 2.8.
where L k (1,
Remark: Our objects of interest here happen to be minimal surfaces of translation. In past, several authors have shown a good amount of interest in knowing what are all minimal translation surfaces in R 3 . The very first result in this direction is due to Dillen et al. [3] , also see [4] . Recently, Lopez and Hasanis, [5] gave a complete classification of minimal translation surfaces in R 3 . More precisely, they proved that apart from the plane and the minimal surfaces of Scherk type, any other minimal translation surface can be described as
where α is a space curve (a curve in R 3 ). In fact, they have given a method to construct explicit examples of such surfaces. For instance, a parametrization of helicoid is given by X(u, v) = (cos u cos v, sin u cos v, u).
Next, we take two circular helices in R 3 , given by α(s) = (cos s, sin s, s)/2 and β(t) = (cos t, sin t, t)/2 and now if we consider a change of parameters (s, t) → (u + v, u − v) then we get
It would be interesting to see if number-theoretical identities like the E-R identities are available for all minimal surfaces of translation.
Properties of the L-functions
We consider the general form of the L-functions defined in the previous section
n−1 a n n s , where a =
3.1. Convergence of the series. We show that the series is convergent for all s ∈ C by showing its absolute convergence.
Then the ratio test gives
Thus L k (s, a) is convergent on 0 < a < 1, for each k. Similar is the case for M k (s, a). n−1 a n n s , where, 0 < a < 1, s ∈ C.
Then, defining F (x) = n≤x (−1)
The integrals can all be seen to be convergent for all s. 
, which is convergent. I 1 and similarly I 2 are thus absolutely convergent since c x is exponential growth and x σ has only polynomial growth. I 3 and I 4 can similarly be concluded to be convergent.
We try to evaluate I 4 first. Let x ln a = u ⇒ du = ln a dx. Then u ranges from ln a to −∞ as x ranges from 1 to ∞.
Then,
Similar to I 4 (s), I 2 (s) will then be −
where Γ is the incomplete gamma function.
We now calculate I 3 . Since the function F (x) is piecewise continuous of period 2, we calculate its Fourier expansion. Then,
by its Fourier expansion, we have,
We now try to evaluate
dt. Let Re(s) < 0. I 5k can be evaluated in terms of a complex gamma function as follows: 1 , RISHABH SARMA 2 , RAHUL KUMAR SINGH
where C ± = ln(a) π(2k+1) ± i. Let u = C + t and w = C − t. Then making change to these complex variables and multiplying by (−1) −s−1 when needed, we get
where γ 1 is from 0 to C + ∞ along the line y = In this case, 
. Let us restrict ourselves to e −π < a < 1 such that 0¡ The infinite sums converge since 0 < A < 1.
3.3. Essential singularity at ∞. We consider the limit of our function as s → ∞ along two directions. L k (s, a) = ∞ n=1 (−1)
n−1 a n n s , where a = 
